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U [0, 1] U ⇠
Uniform(0, 1) X = �� lnU P(X > x) exp(z) = ez

1
�
exp(�x/�)

exp(�x/�)

� exp(��x)

exp(��x)

X1, X2, . . . Xn ⇠
Poisson(n�) � > 0 Yn = Xn

n

Yn �

Yn �

Yn �

Yn ! �

3

1

2

0

b1, b2, b3 2 {0, 1}
p < 1

2

000 111 H0

000 H1 111
1/2

p2(3� 2p)

p2(1� p)

p3

p2

✓ [0, 2⇡]

f✓(✓) =

(
1
2⇡ 0  ✓  2⇡

0 otherwise
.

✓
(X,Y ) X = cos ✓ Y = sin ✓

E[X2]
X Y

1
2

3
4

2
3

1
3
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0.01

3% 0% H0

H1

1
3.97

0.99
4.96

1
4.96

0.97
0.99

2520

105

1680

840

X1, X3, X5, X7, . . .
X2i = X2i�1 i 2 N 1

n
(X2

1 +X2
2 + · · ·+X2

n
)

2

8

4
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X,Y ⇠ N2(
�
0 0

�T
,

✓
1 0
0 1

◆
)

A 2 R2⇥2

✓
X 0

Y 0

◆
= A

✓
X
Y

◆

A = I X 0, Y 0

X 0, Y 0 ⇠ N (0, 1)

D1, D2

E1 : D1 = 2 E2 : D1 +D2 = 7
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(
n

r

�
=

(
n�1
r�1

�
+
(
n�1
r

�
.

�
r

j=0

(
m

j

�(
n

r�j

�
=

(
m+n

r

�
.

(1� x)�n =
�⇥

i=0

(
n+i�1

i

�
xi, |x| < 1.

limn0⇥ n�r
(
n

r

�
= 1

r! r ⇠ N

P(
n✓

i=1

Ai) =
n◆

r=1

(�1)r+1
◆

1!i1<i2<...<ir!n

P(Ai1 !Ai2 ! · · · !Air )

g(X,Y ) (X,Y ) X = x

E[g(X,Y )|X = x] =

P�
y
g(x, y)fY |X(y|x) discrete case

[
g(x, y)fY |X(y|x)dy continuous case

fX(x) > 0 E[|g(X,Y )||X = x] < 2

X Y = g(X) g
g�1

fY (y) = |dg
�1(y)

dy
|fX(g�1(y)).

X MX(t) = E[etX ] t ⇠ R
MX(t) < 2 Xp11 = (X1, X2, . . . , XP )T MX(t) = E[etTX ]

t ⇠ RP MX(t) < 2

X  Np(µ,⌦) Rp ⌦
⌦ p

f(x;µ,⌦) =
1

(2�)p/2|⌦|1/2
exp(�1

2
(x� µ)T⌦�1(x� µ)).

X Rm m < p
⌦

X  Np(µp11,⌦p1p) |⌦| > 0 A,B � {1, . . . , p} |A| = q < p, |B| = r < p
A ! B = \ µA,⌦A ⌦AB q 1 1 µ q 1 q q 1 r

⌦ A,A1A A1 B

XA XA  Nq(µA,⌦A)

XA XB = xB XA|XB = xB  Nq(µA+⌦AB⌦
�1
B (xB�

µB),⌦A � ⌦AB⌦
�1
B ⌦BA)

Y = g(X) ⇠ Rn X ⇠ Rn

(X1, . . . , Xn) ⇢ (Y1 = g1(X1, . . . , Xn), . . . , Yn = gn(X1, . . . , Xn)),

gi hi = g�1
i

J(x1, . . . , xn) ⇠ Rn1n Jij =
�gi

�xj
|J(x1, . . . , xn)| > 0 fX1,...,Xn(x1, . . . , xn) >

0
fY1,...,Yn(y1, . . . , yn) = fX1,...,Xn(x1, . . . , xn)|J(x1, . . . , xn)|�1

x1 = h1(y1, . . . , yn), . . . , xn = hn(y1, . . . , yn)
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X1, X2, . . .

Xn X Xn

2�⇢ X limn0⇥ E[(Xn �X)2] = 0 E[X2],E[X2
n
] <

2
Xn X Xn

P�⇢ X ✓ > 0 limn0⇥ P(|Xn �X| > ✓) = 0

Xn X Xn

D�⇢ X limn0⇥ Fn(X) = F (x) F (x)
F

{Xn}, X {Fn}, F
Mn(t),M(t) 0 ; |t| < b 0 < a < b Mn(t) ⇢ M(t)

|t| ; a n ⇢ 2 Xn

D�⇢ X

x0, y0 X,Y, {Xn}, {Yn}
h x0

Xn

D�⇢ x0 =⇥ Xn

P�⇢ x0,

Xn

P�⇢ x0 =⇥ h(Xn)
P�⇢ h(x0),

Xn

D�⇢ X Yn

P�⇢ y0 =⇥ Xn + Yn

D�⇢ X + y0, XnYn

D�⇢ Xy0.

P(X ) a) ; E[X]
a

X a > 0

P(|X � E[X]| ) a) ; var(X)
a2

E[g(X)] ) g(E[X]) g

Z1, . . . , Zn E[Zi] = 0
ai ; Zi ; bi ✓ > 0 t > 0 P(

�
n

i=1 Zi ) ✓) ; e�t✓
X

n

i=1 e
t
2(bi�ai)

2
/8.

X1, . . . , Xn  Bernoulli(p) ✓ > 0 P(|X̄ � p| ) ✓) ; 2e�2n✓2 ,
X̄ = (X1 + · · ·+Xn)/n.

X, Y |E[XY ]| ;
R
E[X2]E[Y 2]

E[X2],E[Y 2] < 2 cov(X,Y )2 ; var(X)var(Y )

⇡̂ ⇡ MSE(⇡̂) = E[(⇡̂�⇡)2] = var(⇡̂)+ b(⇡)2

H0 H1

H1 H0

H0 H0

H0

H1

✏

↵

O1, . . . , Ok

n = n1 + · · · + nk 1, . . . , k
E1, . . . , Ek Ei > 0 T =

�
k

i=1
(Oi�Ei)

2

Ei

O1, . . . , Ok n p1 =
E1
n
, . . . , pk = Ek

n
T ̇�2

k�1 k�1
�

Ei ) 5y y
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f0(y), f1(y) Y

Y⇡ = {y ⇠ ⌦ : f1(y)
f0(y)

> t⇡} P0(Y ⇠ Y⇡) = ✏ Y⇡

P1(Y ⇠ Y⇡) Y  P0(Y ⇠ Y ) ; ✏
Y⇡ Y⇡ H0
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p
P (X = 1) = p

P (X = 0) = 1� p p p(1� p) 1� p+ pet

n, p

P (X = k) =
�
n

k

�
pk(1� p)n�k

k 2 {0, 1, 2, . . . n} np np(1� p) (1� p+ pet)n

p
P (X = k) = (1� p)k�1p

k 2 { } 1
p

1�p

p2

pe
t

1�(1�p)et

(1� p)et < 1

r, p

P (X = x) =
�
x�1
r�1

�
pr(1� p)x�r

x 2 {r, r + 1, r + 2, . . . } r

p

r(1�p)
p2

( pe
t

1�(1�p)et )
r

(1� p)et < 1

w, b, n

P (X = k) =
(wk)(

b
n�k)

(w+b
n )

k 2 {0, 1, 2, . . . , n} µ = nw

b+w

P
w+b�n

w+b�1

[
nµ

n
(1� µ

n
)

�

P (X = k) = e
��

�
k

k!

k 2 { } � � e�(e
t�1)

a, b

f(x) = 1
b�a

x 2 [a, b] a+b

2
(b�a)2

12
e
tb�e

ta

t(b�a)

(�)
f(x) = �e��x

x 2 (0,�) 1
�

1
�2

�

��t
, t < �

N (µ,✏2)

f(x) = 1
✏
!
2⇡

e�
(x�µ)2

2�2

x 2 (��,�) µ ✏2 etµ+
�2t2

2

↵2
n

1
2n/2�(n/2)

xn/2�1e�x/2

x 2 (0,�) n 2n
(1� 2t)�n/2

t < 1/2
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�(z)

z

Φ(z)

z < 0 P(Z  z) = ⌦(z) = 1� ⌦(�z) z 2 R

z

y y



y y
�2

⌫

χ
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ν(p)
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↵2
@
(p) �

⌫
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